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FLOW AND FORCE EQUATIONS FOR A BODY REVOLVING IN A FLUID 



IN FIVE PARTS 
By A. F. Zahu 



SUMMARY 

This report, submitted to the National Advisory Committee for Aeronautics for publication, is 
a slightly revised form of U. S. Navy Aerodynamical Laboratory Report No. 380, completed for the 
Bureau of Aeronautics in November, 1928. The diagrams and tables were prepared by Mr. F. A. 
Louden; the measurements given in Tables 9 to 11 were made for this paper by Mr. R. H. Smith, 
both members of the Aeronautics Staff. 

Part I gives a general method for finding the steady-flow velocity relative to a body in plane 
curvilinear motion, whence the pressure is found by Bernoulli's energy principle. Integration of 
the pressure supplies basic formulas for the zonal forces and moments on the revolving body. 

Part II, applying this steady-flow method, finds the velocity and pressure at all points of the 
flow inside and outside an ellipsoid and some of its limiting forms, and graphs those quantities for 
the latter forms. In some useful cases experimental pressures are plotted for comparison with 
theoretical. 

Part III finds the pressure, and thence the zonal force and moment, on hulls in plane curvi- 
linear flight. 

Part IV derives general equations for the resultant fluid forces and moments on trisymmetrical 
bodies moving through a perfect fluid, and in some cases compares the moment values with those 
found for bodies moving in air. 

Part V furnishes ready formulas for potential coefficients and inertia coefficients for an ellipsoid 
and its limiting forms. Thence are derived tables giving numerical values of those coefficients for 
a comprehensive range of shapes. 
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PART I 

INTRODUCTION 

Steady-flow Method— In some few known cases one can compute the absolute particle 
velocity q' at any point (x, y, z) of the flow caused by the rotation of a body, say with uniform 
angular speed S2, in an infinite inviscid liquid otherwise still. Thence, since q' is unsteady at 
[x, y, z), the instantaneous pressure there is found by Kelvin's formula p„/p = — btp/bt— q'*/2, p v 
being the supervacuo pressure there, and <p the velocity potential. 

Otherwise superposing upon said body and flow field the reverse speed — ft, about the same 
axis, gives the same relative velocity q but which now is everywhere a steady space velocity. 
In the body's absence the circular flow speed at the radial distance R would be q 0 = — If 
the fixed body's presence lowers.the speed at (x, y, z) from g 0 to q, it obviously begets there the 
superstream pressure 

P=|p(g 0 s -g ! )- r - (l) 

or in dimension] ess form, a being some fixed length in the body, 

1^=1(1-2720') (I,) 1 

2 

The present text finds p by this steady-flow method only, and applies it to streams about various 
forms of the ellipsoid and its derivatives. 

The superposed circular flow, q 0 =—UR= —b^/bR, has the stream-function 

*=|fi2r- _ (2) 

which, for rotation about the z axis, plots as in Figure 4. This flow has no velocity potential, 
since b^fbR^O. 

General Formulas fob Velocity Components.— In plane flow, 3 as is known, a particle 
at any point (x, y) of a line s drawn in the fluid has the tangential and normal velocity com- 
ponents 

_bip bf _b<p_bjr m 
2«- ds bn - Z*-t> n -b8- — " w 



i This velodty entails the centrifugal pressors p«-p&'.RV2 at all distances, R- p from the rotation aits of the elrcular stream, here assumed 
to be constrained by a coaxial closed cylinder Infinitely large. To the dynamic pressure p c +p may also be added any arbitrary statio pressure 
such as that due to weight of other Impressed force, ■ 

■ > At any surface point of the body q Is the velocity of wash or slip, whether the body moves or not; It is g'i—q"i, the difference of the tangential 
space velocities of the fluid and surface point. If the body is fixed j"i=-u, q—q'i. 

* Plane Sow, viz two-dimensional flow, literally means flow in a plane; the term applies also to space Sow that is the same in all parallel planes. 
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where 5s, Sn are elements along the line and its normal. As usual, g„ g. are reckoned positive 
respectively along Ss, hn positive; e. g. Figure 2. The components along x, y are 



5 

'da: 



5^ 



5» 



5^ 



(4) 



In solid flow (3), (4) still hold for and further w=b<pfbz. In 
general, g* = it 2 + e 2 + ic* = g t * + g, 2 . At any point of a surface drawn in the 
fluid g t is taken in the plane of g and g». All these velocities are referred 
to fixed space. 

Surface Velocity. 1 — A fixed body in any stream, since g a =0, has 
the surface flow velocity 2=g ( , which put in (1) determines the surface 
pressure. 

At any surface point of an immersed moving body g„ is the same for 
body and fluid, hence is known from solid kinematics, 
is any cylinder rotating as in Figure 1, 




?,= -afl dR/ds = OB sin {6- $) = Qh 1 = Q(mx-ly) 

where the symbols are as denned in Figures 1, 2. 

More generally, for any surface with velocities Q x> 0 
axes x, y, z, 

q»=(ny-mz)Q x + Qz— nx)Q ¥ + (mx—ly)Q, 



Thus, if the body *igube l.-Component velod 
ties g., ffi of surface point of 
any rigid cylinder having an- 
gular speed Q about any axis 

(5) parallel to its length, j.- 

C&i; ?i-=OAt. Ai=R sin (S- 
«=-JJ dB/di-mx-li, I, m 
being direction cosines of the 
£2» about the normal to the contour element 
dsat(z,ir). If the body routes 
In a fluid, fc-ity/dt-dp/aii. 
At any surface point ;» Is the 

fg) same for body and fluid; it 

different except at points of no 

where T, m, n are the direction cosines of the surf ace normal, as in (13 t ). 

If at the same time the body has translation components, U, V, W along x, y, z, (6) must be 

increased by 1 U+ mY+nW, giving 

2. = K U+ zQ t - ySk) + m(V+xSl t - zSl x ) + n ( W+ yn x -xQ,,) _ . (7) 

But (5), (6), (7) express g» only at the model's surface. 

Equations (1) to (7) obtain whether the fluid is inside or out- 
side the body. 

Zonal Forces and Moments. — For any cylinder spinning 
about z, as in Figure 1 or 5, surface integration of p gives, per 
unit of s-wise length, the zonal* forces and moment, respectively, 



V 


• 




y \ 










A 


A l« 




z/f a a' 



x=Sp&y 



Y=Sp dx 



N= fp t dr. 



.(8) 



where p dy, p dx are the x, y components of the elementary 
surface force p ds, and r is the radius vector of (s, y). To derive 
N we note that p ds has components p r d/S, p dr along and across 
r. Having no moment, p r djS can be ignored, leaving only p 
dr with arm r. Thus, 2JV= fp dfr 1 ), which varies as the area of 
the graph of p versus r 1 . 
A surface of rotation about a, spinning about its z axis, has zonal forces 



FiouitE 2. — Geometric data for eonfocal 
ellipses, x-a' cos *=r cos ft s-y sin 

7-r sin /S; jr tan #=tan *— y tan 0- 

«' r 

■p ii-rsln (e-fi); fti-r cos (f— P). 

f-at—t? e 7 , «=Vl-6»/a« being eccen- 
tricity of oi 



x=SSp dy ds 



Y=ff p dx dz. 



-(9) 



1 A zone Is any part of the surface bounded by two parallel planes; in this text they are assumed normal to z, and the zone has the bounding 
planes r-0, s— ±ri; In Part m other planes are used; e. g. x=n, x-a. 
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If ds„, ds a are elements.of its lines of meridian and latitude, as in Figure 3, the moment about 
z of p ds, ds M is p r dr ds M in the plane w = 0, and p r dr dso> cos a=p r dr dz=dN for any 
meridian plane; hence the zonal moment is ... .._ 

N-fPrdr : (10) 

where P= j ' * p dz = dY/dx, is the y-wise pressure-force per unit length a-wise. 6 Thus, as for 

(8), N varies as the area of the graph of P versus r 2 . Also one notes that 

Y=fPdx P = 2oJ fl 2r p cosw dw (10,) 

Since p is symmetrical about the x axis, Z=0 = Y=L = M= N; viz, the assumed zone is 
not urged along y, z or about x, y, z. In general, X is not zero for such a zone, but is zero for 

the whole model. The zonal Y, N are zero for steady 
rotation about g_.in a frictionless liquid, because p is 
symmetrical about. the x axis; but are not so in a viscid 
fluid, nor for accelerated spin in a perfect fluid. 

For trisymmetrical surfaces we note also: If the 
zones were formed by planes normal to z, zonal A' 
would be zero for motion about z; zonal N in general 
not zero; e. g., for a viscid fluid. Similarly for zones 
with faces normal to y. 

By (10) the bending moment about the z ordinate 

in the plane y = 0 is f P r dr. This is zero for a fric- 

tionless liquid; for. a viscid fluid it increases with length 

of zone. .. . . 

FiouBESi-Qeometriodauforproiausphwoid. *=<•«« In addition to the pressure forces and moments just 
u;»-6sini»oos«-TBinflcos«; *-=»simshi «-r sin considered, due to rotation about z, a viscid fluid exerts 
^tvTaS^ l?^j£Xl', surface friction symmetrical about the z axis, but not 

treated here. 

For any surface S, clearly (9) still holds and (10) can be generalized to the usual form 

N=ffp(xdx-ydy)dz— (10 8 ) 




Geometrical Formulas. — Most of the surfaces treated in this text are members of the 
confocal ellipsoid family 

^x + 6^x + ?fx- 1 ^ + P + ^ < n) 

whose semi axes are aL= V» 2 + \ etc. The following known properties are needed. 
The distance from the center to the tangent plane at the point (a;, y, z) of a'Vc' is 

*-@+jit£r ° 2) 

The direction-cosines of the normal to said plane are 

h m > n= ^7i' pv ~^ L6 > 



» The radius of the latitude circle is denoted by u-vt. 
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The partial derivatives of X are 



5^=2Z7i 2 3^=2mft 2 5^=2n^i ^=2Aj. 
ox oy oz on. 



■(14) 



More generally for any surface f(x, y, z) =0, one knows 

1 3 ox m 3 by n 3 bz 3 LW Wi W. 

and the distance from the origin to the tangent plane at (x, y, z) is 

hi=lx+my+nz=r cos y 



-(13i) 



-(12) 



7 being the angle between the radius vector r and the normal. 

Conventions. — In all the text x, y, z have the positive directions shown in Figure 3, 
as also have the x, y, z com- 
ponents of velocity, accelera- 
tion, force, linear momentum. 
The angular components 
about a:, y, z of velocity, ac- 
celeration, moment, momen- 
tum are positive in the re- 
spective directions y to z, z 
to x, x to y. The positive 
direction of a plane closed 
contour s is that followed 
by one going round it with 
the inclosure on his left, as 
in Figure 2; the positive 
direction of the normal n 
is from left to right across s; 
and 5s, Sn determine the positive directions of the tangential and normal flow velocities q„ 
2», as previously stated. For a closed surface Sn, is positive outward and 5s is positive 
in the direction of one walking on the outer surface with n on his left. 

The word "displaced fluid," used in treating the motion of a submerged body, usually 
means fluid that would just replace the body if the latter were removed. 




Flatus t— Streamlines lor a E 1 , with Increments A f—X for fluid rotating with unlfonr 

angular velocity n=— 1 
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VELOCITY AND PRESSURE 



(A) BODIES IN SIMPLE ROTATION 

Elliptic Cylinder. — For an endless elliptic cylinder, of semiaxes a, &, c (=<=), rotating 
about c with angular speed J2„ in an infinite inviscid liquid, otherwise still, one knows 1 



ip= -m' c Q^cy = -~m' Sl&'V sin 2ij ^= -~m' e Q^n'b' cos 2rj. 



■ (15) 




Fktobx 8.— Streamlines for endless elllptto oyllnder rotating about Its long ails with uniform angular Telocity 0; shows f -— j ™'« a *' 
oos 2i, with increments A * -.2, B-l. For Inside fluid, -|; jjqpp 0 QP-fi 

the geometric symbols being as in Figure 2. For any outer confocal a'V the potential coefficient 
has the constant-value 

m* c = (a + 6) 2 (c' - b')/2a'V (a' + V) (16)» 

On the model's surface a'=a, V = 6; m' e =(a*— b*)/2ab'. 

The equipotential lines on either surface aJ or a'V are its intersections with the corre- 
sponding family of hyperbolic cylinders zy= — <p/m' l $l= const. Normal to the equipotentials 
are the streamlines ^ = const. Graphs for ^=0, 0.2, 0.4, etc., are shown in Figure 5 for a model 
having a/J=4. They are instantaneous streamlines, and form with the model a constant 
pattern in uniform rotation about c in said infinite liquid. 

At any outer confocal a'V the velocity components are, if K = m' < fl,'b'Q e , 



d. 



2'» = ^ = KSm2 "di c 



<2'« tan 2 V (17) 



i Proofs of (IS), (23), (29), (40) are found In books; e. g., Lamb K 72, 108, 110, 115, 5th ed., except that Lamb reverses the sign of t>, i>. 
» Equivalent to (18) is m'.- (L ^J^ZQ ' ^'lL^ , e, e being the eocentriottles of eo, a'o\ On ab this becomes m'.-Ct-Jl-ei. See (49) 
for the six potential coefficients m„ mt, iru, ro'«, n't, ?»'„ In the value of r for more general motion. 
416 _ 
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where dr)/ds = l/a' VT— i 7 * cos 1 ??, as one easily finds. Alternative to (17) are 

q\= -m , c Q c ^xy= —m'&jr cos (fl+jS) q r t = —q' t tan 2tj --(17 t ) 

Thus for ij = 0, 45°, 90° (17) and (170 give q' t (Q e = -m'tf, o, m'J>'. At the model's surface, 
where m' c =('i t —l 1 )f2db, (17 x ) become 

q' t = -^^^ cos (0 + 0) q'.=Qs sin (0-/S) ---(17 2 ) 

the latter being AiQ c , as in (5). 

Where g' t =0, or cos i7 = l/V2, viz, at the stream poles, clearly x=a'l-yf2, y = V[-yj2, 

x i -y i =a i e i /2 (18) 



a rectangular hyperbola. (18) is the instantaneous polar streamline, e. g., Figure 5, orthogonal 
to all the confocal ellipses. Its asymptotes are y= ±x; its vertices are at x= ± it cuts 

each ellipse where x/y=a r fb', viz, on the diagonals of the circumscribed rectangle. For an 
endless thin plate of width 2a the poles are at y=0, x= ±af-j2. 

Superposing — fl e on the body and fluid, and using (2), changes (15) to 

4>=\(f-™'A'V cos 2r,)Q e (19) 

Its graph, with A^=0.2, gives the streamlines in Figure 6 for the flow Q e = —1 round a fixed 
cylinder having afb=i. About the point (0, 1.45) in Figure 6, is a whirl separated from the 
outer flow by the streamline ^=4.25. This line abuts on the model at the inflow points i, i; 
spreads round it and emerges at the outflow points o, o. s The streamlines for an endless thin 
rectangle having 5 = 0, e = 1, are similar to those of Figure 6, but infinitely crowded at the edges. 
The superposed particle velocity — Q«r contributes to (17i) 

q" t =-Q,rcos (0-/3) = -^,, 2 ,/ »=-O c rsin {d-p) = -Ji 1 U c (20) 

also2" B =g" ( tan (0-/3). Adding^) and (20) gives the components q,=q'i + q"t,q.*=q / a +q"», 
of the resultant flow velocity at any field point. One notes that (20) are the reverse of g u g» 
in Figure 1. 

In particular 2»=0 on the fixed model and x, y axes; hence there 

q/aQ e = ~N' e cos (0+/S) + cos (0-/3)] q/go=m'c cos (0+jS) + cos (0-/3) (21) 

Thus q[q t = l + m' c on the x axis; 1 — m' e on the y axis; and 1 at =° where m' e =0. The dashed 
line in Figure 6 gives qfaQ e = — (1 — m' e )y/a for points on the y axis; it crosses y at the whirl 
center where g = 0, viz, where m' c =l. By (16) m'^l for the surface of any model having 
a/6>:l + V2; and there is no whirl if a/J<l + V2. Figure 7 shows qjaQ c for the surface of a 
model having a/5 =4, m' e =(o*-& 1 )/2a5 = 15/8. 

Putting sVsfo of (21) in (1J, where r*/a* =cosVcos*/3, gives 

p/| P a 2 Q s e =(l-[m' e cos (0+0) + cos (0-/S)] 2 ) cos* ij/cos* /3 _ — (22) 

which is graphed in Figure 7 for a model having afb =4. 

Integrating p/^pafSFc, as in (8), gives for an inviscid liquid Y=0 = N- r Zj^O. Figure 7 
delineates X for this case. 



' The points' f, o are Identical with those In Figure 5; viz, where the slip speed f In (21) is zero; they are called stop points, stagnation points, etc. 
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For the surface of an endless flat plate (6 = 0, <T= ») fixed in the stream — Q e , clearly 
= a/26 and generally r cos (0-/3)= 0; hence (21) gives . 

g/afl c = cos (ff+/3) = — sin 0 cos 17 cot 2ij (210 

which equals - 00, 0/ 1/2 for t? = 0 o , 45°, 90°. The flow resembles that in Figure 6; it has 
twin whirls abreast its middle, stop points at x= ±aJ-y/2 } and infinite velocity at the edges. 
Putting in (10 r=x and q 0 = —xa e gives the plate's surface pressure 

2)/|i>a J fi e 2 =^-^-=(l-CQt 2 2 V ) cos 1 v (220 




Fiouee a— Streamlines about endless elliptic oylinder fixed In infinite Invlsrfd liquid rotating about Its long axis with uniform angular speed-Si; 
shows a (r>-ra'.«'6' cos 2?) with Increments 4f-J, 0— 1. Dotted line portrays x-wise speed on » aiis 



which equals -1/4, 1/2, - » forse=0, ±aj^2, ±a; viz, for ij = 90°, 45°, 0, etc. 

Prolate Spheroid. — For a prolate spheroid, of semiaxes a, 6, c, rotating about c with 
speed Sl e in an infinite inviscid liquid, 



<p= ^-m' <£l ( xy= —-=m' gt&'V sin 2 tj cos u 



(23) 
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Figubi 7.— Endless elliptic cylinder fixed In infinite InrlscH liquid uniformly rotating about It; snows (I) i-wiso 
zonal pressure-force, T<4" />«'»;(?) surface velocity j/aQ and surface pressure, p/y p a' Q*. above or below undis- 
turbed local pressure In uniform stream, — a 



420 REPORT NATIONAL" ADVISORY COMMITTEE FOR AERONAUTICS 

the geometric symbols being as in Figure 3. For any outer confocal spheroid a'l'c' (23) has 
the known constant, potential coefficient 

3, 1+e' e' 2 

m «- gp — 1+g ( 24 ) 

e, e' being the eccentricities of oJ, a'iV. Table IV gives surface values of m' c for various shapes 
of prolate spheroid. 

In the yz, zx planes ?j=0; in the xy plane, where cos « = 1 

<p=— ^m' c Q c a'l' sin 2if V= ~-iym' e O c a'y cos 2»? —(23,) 

which, except for m'j, have the same values as (15), entailing 'the same polar streamlines (18). 
The equipotentials on a'l'c' are its intersections with the family xy= — <p/m'Sl e = const. 
At any point (x, y, z) on a'l'c' the orthogonal velocity components are by (23) 

2»=57di5- ^"da* ^=§SdT„ ———-(25) 

5ra, Ss„ S8 a denoting line elements along the normal, jneridian, and circle of latitude, as in 
Figure 3. Since g_' n is absent from (1), we shall not need it; we merely note that"on the model's 
surface it is rO e sin (0-/3) cos w. By geometry d?j/ds,=r cos (& + P)fa'l' cos 2tj, 4 dufds a =. 
lfb' sin ij; hence 

2',=> —m'£i c r cos (0+/S) cos '« ~<L' a =m' St? cos j3 sin w _ (250 

For « = 0, 2'<(=2 / ij) differs only by m' c from (17i) for an elliptic cylinder; also r cos /S=og .*. 
2.'.» = m^^« sin w = 0, m'^o for w = 0, ir/2. 

Superposing — Q e on the above system adds to (250, as easily appears 

2"»= — Q e r sin (0— <3) cos co 2"?= ~ cos (0 _ 0) cos w 2"» = a c?' cos /3 sin w.._(26) 

At-the now fixed surface and on the x, y axes 2b=0 = 2'» + 2"»; hence summing (250, (26) 
gives there 

2,= ~[m' e cos (04-/3) + cos (0—i3)] ficT cos to=2, cos wl ^ 
2«=(l + m' { )J2 c r cos/3smco=2 B shr&> ~ } 

Thus for « = 0 clearly q/qo = m' c cos (0-{-j3)-fcos (0-£), differing from (21) only by m' 0 ; for 
w = ir/2, 2/20= — (1 + wi'O, a formula like that for a negative flow_2o across a cylinder; forc^O 0 ^ 

90°, 45°, 2=2>!> 2«,-^/^(2*,+ 2 2 »). On the x 'axis q/q6 = l + rn' c ; on the y axis 2/ffo = i _ m' c >0 

everywhere, hence no whirl centers on y. 

Figure 8 shows \g,/aU e \ on the meridians w=0, ±45°, ±90° of a fixed spheroid with a/Z>=4. 
Distributions symmetrical with these occur on the opposite half of the surface. Noteworthy 
is 2 for w= ±90°. By (27) it is 2= ±{l + m' e )Q l &; hence the straight-line graph in Figure 8. 

Figure 8 shows also, for these meridians, the pressure computed with the working formula, 
derived from (10, (27). 

1 — ^ A cos 2 o>+B sin 2 w ' (28) 

* E. g-, by (28) ^u-^- ~a't'sln29C«! «; vfc, r cos cos 2»jj^' which gives gj*- in (26). Also directly e',-^- 

-ra'. &«gj- iff- -nf.£i e r cos (0+0) cos <* 



1 
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Figure 8— Prolate spheroid Hied In Infinite tnTlsdd liquid uniformly rotating about It; shows (1) z-wlse zonal 

pressure-force, X/-|-p a' IP; (2) surface flow-speed, j,'a Q; (3) surface pressure, p/-|- p a" U", above or below 

undisturbed local pressure In uniform stream, —2. Crosses and circles give measured air pressures for Q— 
—39.5 radians per second given in reference 3 
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where A = (l-[m' e cos (0 + /8) + cos (0-/S)] 2 ) cosVcos 2 ^, B= -m' e (2+m' c ) cos 2 jj. Here m' 0 = 
.689 by Table IV. The crosses and circles, giving experimental values taken from Reference 3, 
show good agreement _with (28) for a considerable part of the surface. For cos w = 0, pacBocx 1 ; 
or the graph is parabolic. 

Integrating p, as in (9), (1Q), gives for an inviscid liquid Y= 0 = N, Xt* 0. Figure 8 portrays 
X computed from theory and experiment. 

Ellipsoid. — For ah ellipsoid, of semiaxes a, I, i along x, y, z, rotating about c with speed 
ft c in an infinite inviscid liquid, otherwise still, 

ip= -m'Sl&y (29) 

which for any outer confocal ellipsoid a'b'c', has the constant potential coefficient 

»'.-<W-«) O-. ^^pXvil*-** " (30) 

the Greek letters being as in Part V. Surface" values of m' c are listed in Table IV. 

By (29) the equipotential lines, on a'b'c' are its intersections with the hyperbolic cylinder 
family xy= -<p/m'^l e = const. The orthogonals to <p canst, at the surface a'b'c' are the stream- 
lines there. These by (31) are parallel to x where x = 0; parallel to y where y=0; normal to 
2 where 2 = 0. The same obviously holds for spheroids and other ellipsoidal forms. 

In the xy plane the flow has the polar streamlines (18) ; also it has there 

<p= <&<P>'V sin 2ti ^m'^^'b' cos 2ij (29i) 

whence the streamlines in that plane are plotted. The form of (290 is like those of (15) and 
(23i), for the elliptic cylinder and prolate spheroid, entailing similar expressions for the velocity 

and pressure in the plane-flow field s = Q. ._ .... 

For the general flow the velocity components at a'b'c' are by (29) 

-(x^+m'^y v'= -(y^+m'^ v>' = -^^ (31) 

and those due to the superposed velocity — Q c R = q 0 , ate 

u" = Q e y d" = SI<x w" = 0 (32). 

whence the resultant velocity and pressure may be derived for all points of the flow field about 
the ellipsoid fixed in the steady stream -Qjl. In forming the x, y, z derivatives of m' e one 
may use the relations. (14) and (72). 

Everywhere in the planes x = 0, y=Q, the resultant velocities are. respectively, by (31) 
and (32), 

q = u = (1 - m' e )Q c y q = v (1 + m' C )Q& (33) 

while in the plane 2=0, q can he found as indicated for an elliptic cylinder. (33) apply also 
to the elliptic cylinder and prolate spheroid previously treated, and to all other forms of the 
ellipsoid fixed in the flow — Q, c . 

(B) BODIES IN COMBINED TRANSLATION AND ROTATION 

Most General_M.otion— The most general motion of any body through a fluid may 
have the components U, V, W along, and fl ttl O s , fi e about, three axes, say a, b, c. The entailed 
resultant particle velocity q' at any flow point is found by compounding there the individual 
velocities severally due to U, V, IF, Q t , Q e) and computable for an ellipsoid by formulas in 
Reference 2 and the foregoing text. 

Yawing Flight, — In airship study the flow velocity q' caused by a prolate spheroid in 
steady circular flight is specially interesting. Let the spheroid's center describe about 0, 
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Figure 9, a circle of radius na, with path speed naQ. Then if or is the constant yaw angle of 
attack, the component centroid velocities along a, 6, and the steady angular speed about c are, 
respectively, 

U=naQ cos a F=na£2 sin a Q c =fi (34) 

If, now, velocities the reverse of (34) are imposed on the body and fluid, g» = 0, and the 
surface velocity 2 on the fixed spheroid has in longitude and latitude the respective components 

2,= (1 +£.) U sin 0- (1 +Jd) Fcos 0 cos a-[m' e cos (0+0) +cos (0-0)]^ cos &>) , * 
g.-U+fciJFsin »+(l + m' e )0,r cos jS sin o> J 

where positive flows along ds are, respectively, in the directions of increasing a, as in Fig- 
ure 3. The terms in U, F, are known formulas for translational flow, e. g., Reference 2; the others 
are from (27). Hence g 2 then p is found for any point (j8, <a) on the spheroid. 5 If Q c is negli- 
gible, g = 2 sin e, where q* = (1+J:,)*ZP+ (l+itfV*, and e is the angle between the local and 
polar normals, as proved in Reference 2. 

Figure 9 2 portrays, for specified conditions, theoretical values of pf^pQ 2 , Q being the path 
speed VC 72 + Y 2 °* tne spheroid's center; it also portrays pl\pQ 2 for the model in rectilinear 

motion, with Q = U. The difference of pj^pQ 2 for straight and curved paths, though material, 

is less than experiment gives, as shown by 9 3 . Fuller treatment and data are given in 
Reference 3. 

The forces X, Y and moment A r , for any zone, may be computed as before; but for the 
whole model they are more readily found by the method of Part IV. Zonal Y and N for a 
hull form are found in Part III. 

The first of (35) applies also to an elliptic cylinder, with cos &>=!, m' e = (a*— ¥)/2ab. 
Fixed in a flow -U, —Y, — £2 C ,' if has the surface velocity 



q=(l + ifa)Uam8-(l + afb)Ycosd-^j~c6s (0+0) + cos (0-/3)^ (36) 

For an endless flat plate 6 = 0, cos 0=5/a. sin 0 cot 7j; and the last term of (36) may be rewritten 
by (21 t ); thus (36) becomes 

2 = ( V— Fcot ij— aI2 6 cos n cot 2y) sin 8 (37) 



These two values of q with (lj) give the pressure distribution over an elliptic cylinder or flat 
plate revolving about an axis parallel to its length or fixed in a fluid rotating about that axis. 

Thus an endless plate of width 2a, revolving with angular speed £2, path radius na, and 
incidence a, as in Figure 10j, has by (37) the relative surface velocity, viz, slip velocity 

qfaQ = (n cos a — n sin a cot 17 — cos -q cot 2tj) sin 0 (38) 

and since sin s 0=l, q 0 2 = U 2 +(Y+xn) t =a 2 n 2 (.n 2 +2n sin a cos v + cos 2 v ), (1) gives 

pf^pa t Q t = i?-f-2n sin a cosjj + cos — n 2 (cos a— sina cot rj cos 17 cot 217)* (39) 

For 7i = 3, a =30°, Figure 10. delineates the distribution of slip velocity qfaQ on both sides of 

the plate; 10* that of the pressure pf^ pa 2 Q 2 on its two faces. This pressure integrated over 

the plate's double surface gives F=0,.as may be shown. The dashed line in Figure 10 9 is the 
pressure-difference graph whose integral for 17=0 to r is also zero. The resultant forces X, 7 
and moment A r for such a plate are found in Part IV by a method simpler than surface inte- 
gration of the pressure. 



* Here again ? Is the slip speed of tlie flow at any point of tne body's surface, and depends only on the relative motion of body and flufd. 
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Flow Inside Eujpsoid. — At any point inside an ellipsoid with speeds U, V, W, Q a , 
fl c , along and about a, i, c, filled with, inviscid liquid otherwise still, 

<p= Vx+ Vy+ Wz+ l j^Q^z+j^j i Q i zx+~r^iiil^y (40) 




Figure 9.— Prolate spheroid In steady yawing flight. (1) Defines Fioubk S (contlnuedX^-For conditions (I), (4) delineates pressure load per unit 

velocity conditions; (2) delineates theoretical pressure dis- length; (8) the tonal force; (8) the zonal moment. In (4) the full and dotted lines 

tribuHon; (3) experimental pressure .distribution for Q-40 feet give theoretical values from equations (ai), (In); the dashed line, experimental values 

per second. In CD and (3), full lines indicate rectilinear, from reference S. (85 is obtained by planimetring (4); (6) by planimetring (J) 
dashed lines curvilinear motion 



whose coefficients are constant for the whole interior. Hence the components of the particle 
velocity q are 

tS-«-ff+&F°*+&P««-"- ------ t«) 
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and like values for v, w found by permuting the symbols. If the fluid were solidified any 
particle would have 

u= C+R 4 z-a e y f etc., etc i__ (42) 

Thus when an ellipsoid full of inviscid still fluid is given any pure translation its content moves 
as a solid; but when given pure rotation each particle moves with less speed than if the fluid 
were solidified, since the fractions in (41) are less than unity. 
For velocities U, V, Q e of the ellipsoid 




Figcie 10.— Endless Sat plate revolving about axis parallel to Its length, In InflnEts Inviscid Sold. (1) Defines conditions; (2) delineates 
relative velocity jla Q of Sold; (3) pressure pipi'!?, and pressure difference A p/i pa* Won two faces of plate 



for which w=i)<pfi>z=0. For this plane flow (4) with (43) gives 

Uy- Vx-^J^ttf-y*) (44) 

whence the streamlines may be plotted. In particular if the model has simple rotation £l c , 

x 2 -y*= -2^p^/a e =const (45) 

and the interior streamlines are hyperbolas, as in Figure 5. 
Adding (2) to ^ in (45) gives the steady flow 

*-5iTpCoV+JW) (46) 

hence the streamlines lie on the elliptic cylinders 

a V +h*x* = (a* + V)/a e $ = const (47) 

104397—80 2S 
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By (46) 2 = 2Q,(aY + &V)*/(a 2 + &*)", which put in (1) gives at (x, y), since q 0 = 

p*-p = W+m?+y r ) Pn " (48) 

where p n =pqo 2 f2. Here p n is the centrifugal pressure due to the fluid's peripheral Telocity 
q 0 , and p is the pressure change due to .go.— q, q being the relative velocity of fluid and container. 
In a like balloon hull q would quickly damp out, leaving only p n as the dynamic pressure. At 
the ends of a, b, c, respectively, (48) gives 

P*~P_ & 4fl* 
p n ~(a*+bY (a 2 +6 2 ) 2 ' u - 

For large afb the first is negligible, the second approaches 4, giving p = —3p n = — 1.5pQ/6 2 as 
the temporary dynamic pressure drop inside the hull at the end of 6. Experimental proof 
would be interesting. 

Potential Coefficients. — An ellipsoid of semiaxes a, I, c along x, y, z, when moving 
through an infinite in viscid liquid, otherwise still, with velocities 27, F, W, Q b , JV along and 
about the instantaneous lines of a, b, c, begets the known velocity potential 

<p= -m a Ux-rn b Vy — m e Wz— m' Ays - »»' &G»2» - m' — (49) 

the six potential coefficients m being constant over any outer confocal ellipsoid a'b'c'. Their 
values for abc are given in Tables III, IV. Alternatively (49) can be written for this surface 

tf+tf <? + a? a a +6 s 
<p= -Jc a Ux-lc b Vy-Tc c TYz- ^^c'^yz - ^— s& ' Ase - ^ &2 it' fl#y (50) 

the Jcs being the more familiar inertia coefficients defined and tabulated in Part V. Of the six 
potential coefficients in (50) the first three are the same as the inertia coefficients Jc a , £», t«; 
the last three are greater except when cfb or a/c or b/a is zero. Thus, if b/a = 0 the last term of 
(50) is - Tc'S^cXy, which is the potential on the outer surface of an elliptic cylinder (a = =° ) rotating 
about c. Everywhere inside of it the potential is Sl^cy, as (40) shows. 
For the flow (40) textbooks give the inertia coefficients 

fr„ £ 6 , Jc c =l k\=(jrf^) ft '» =B (?S)' etc (51) 

which are the squares of the potential coefficients. One notes too that the ratios of like terms 
in (40), (50) equal the ratios of like potential coefficients and like inertia coefficients, which 
latter in turn are known to equal the ratios of like kinetic energies of the whole outer and inner 
fluids, if the inner moves as a solid. 

Relative Velocity and Kinetic Phessube. — When a body moves steadily through a 
perfect fluid, otherwise still, the absolute flow velocity it begets at any point (k, y, z), being 
unsteady, is not a measure of the pressure change there. The relative velocity is such a measure. 
To find it we superposed on the moving body and its flow field an equal counter velocity, thus 
reducing the body to rest and making the flow about it steady. The same result would follow 
from geometrically adding to said absolute flow velocity the reversed velocity of (x, y, z) assumed 
fixed to the body. In particular this process gives for any point of the body's surface the wash 
velocity, or slip speed, which with Bernoulli's principle determines the entailed change of surface 
pressure. Conversely, if the pressure change at a point is known or measured, it determines 
the relative velocity there. In hydrodynamic books the above reversal is used commonly 
enough for bodies in_ translation. In this .text.it is_employed as well for rotation; also for 
combined translation and rotation. However general its steady motion, the body is steadily 
accompanied by a flow pattern whose every point, fixed relatively to the body, has constant 
relative velocity and constant magnitude of instantaneous absolute velocity and pressure. 
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ZONAL FORGES ON HULL FORMS » 

Pressure Loading. — For a prolate spheroid abc with speeds Z7, V, fi c> Figure 9 1, or fixed 
in a stream — U, —Y, —Q e , (35) gives at (x, y, z) on abc the relative Telocity 

q t =q A— B cos u+ C cos* w 

A, B, 0 being constant for any latitude circle. In forming this equation one finds 

£ = 2(l+£ a )Z7sin 0{(l+£ s )Feos 0+[m' e cos (tf+/3) + cos (8-p)]rQ e ), 

etc., for A, C. In the body's absence said stream has, at said point (a;, y, z), 

2o 2 = (- U+yQ t )' + (- V-xCl e ) 1 =A 1 -B 1 cos u+ & cos? «, 

where w alone varies on the latitude circle. Its radius being y 0 = z 0 , makes y = y a cos «, 

Bi = 2Uz<$c, 

etc., for Ai, d. Putting q, q 0 in (1) gives the surface pressure 

p/.5p = q a t -q i - (A 1 -A) + (B-B 1 ) cos o>+ (d- 0) cos 4 w. 

By (10i) the loading per unit length of x is, since I cos « = Q= j cos 3 w, 

Pf.5p = -j^J* r p cosud<o= -(5-B I )2dJ] & cos a wdw= -rCB-Bi)* (a) 

A, A i, C, Ci vanishing on integration of p. Thus, finally, 

P/.5p<3 2 =-t{B- BJzo/Q* (a,) 

P having the direction of the cross-hull component of p at u = 0. 

One notes that gjKcc sin* <o) contributes nothing to B or the integral in (a); viz, the loading 
P is unaffected by q„, and depends solely on g„ the meridian component of the wash velocity. 
Also for (3 = 0 and t, B-B 1 = 0=P. 

In Figure 9 4 the full line depicts (aj for the spheroid shown in 9j, circling steadily at 40 
feet per second. The theoretical dote closely agreeing with it are from Jones, Reference 3, as is 
also the experimental graph. Beside them is a second theoretical graph plotted from Doctor 
Munk's approximate formula derived in Reference 8 and given in the next paragraph. But 
that Professor Jones omitted some minor terms in his value of p, his theoretical P[.5pQ- should 
exactly equal (a t ). His formula, derived by use of Kelvin's p s fp = <F—(f/2, can best be studied 
in the detailed treatment of Reference 3. 

In Reference 8 Professor Ames derives Hunk's airship hull formula 

P . „ dS,2d. 0 , 



i This part was added after Farts L n, IV, V were typed; hence the special numbering of the sanations. 
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S being the area of a cross-section; B the radius of the path of the ship's center. This was 
assumed valid for a quite longish solid of revolution; for a short one it was hypothetically 
changed to 

(b) 

Applying this to a prolate spheroid we derive the working formula 

-^=-Lx-M^ + N. -(bO 

where the constants for a fixed angle of attack are s 

L=2(fc 4 -fr a )j£-irsin2«, M-SfJg'Zgoosa, N=Jc'J>* • ^ cos a. 

Plotting (bi) for the conditions in 9! gives the dotted curve in 9«. It shows large values 
of P/.5pQ 2 for the ends of the spheroid, where (ai) gives zero. To that extent it fails, though 
with little consequent error in the zonal force and moment at the hull extremities. It has the 
merit of being convenient and applicable to any round hull whose equation may be unknown 
or difficult to use. ~' 

Zonal Force.— An end segment of the prolate spheroid, say beyond the section x = x it 
bears the resultant cross pressure ' y_ 

F=J^F da: (c) 

which with the resisting shear at x x must balance the. cross-hull acceleration force on the seg- 
ment in yawing flight. For the whole model (b t ) with (c) gives 7=0, which is not strictly 
true for curvilinear motion; but (aO with (c) gives the correct theoretical value of F, and 
agrees with (67). 

In Figure 9 S graphs of F/.5pQ s , for the values (aO and (b t ) of P, are shown beside those 
derived from Jones'.. experimental pressure curve. Since Y is proportional to the area of a 
segment of the graph of P, it can be found by planimetering the segment or by integrating Pdas. 

Zonal Moment. — The loading P exerts on any end segment, say of length a-x, the 
moment about its base diameter z 

N s =J°Y6x 

which can be found by planimetering the graph of Y. Figure 9 9 delineates N t so derived from 
the three graphs of Y. They show the moment on the right hand segment varying in length 
from 0 to-2a; also on the left segment of length from 0 to 2a. The resisting moment of the 
cross section must balance N r and the acceleration momentrof the segment. 

Correction Factors.— No attempt is here made to deduce theoretically a correction 
factor to reconcile the computed and measured p. In Reference 3 Jones shows that the theo- 
retical and experimental graphs of P/.5pQ* have, for any given latitude Xi>a/2, the same 
difference of ordinate whatever the incidence 0<a<20°. Thus the ordinate difference found 
for the zero-incidenoe graphs, when applied to the theoretical graph for any fixed 0<a<20°, 
determines the experimental one with good accuracy. Such established agreement in loading 
favorably affects, in turn, the graphs of Y, N t the transverse force and moment on any end 
segment of the spheroid. 

'From the mcsldlan curve ^ — -g'^. S-m'; hence g|-&jo^--ar^r, which pat to (b) leads to (bi). 
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PART IV 

RESULTANT FORCE AND MOMENT 

Body in Feee Space. — Let a homogeneous ellipsoid of semiaxes a, b, c move freely with 
component velocities u, v, w, p, g, r 1 respectively along and about instantaneous fixed space 
axes x, y, z coinciding at the instant with a, b, c. Then the linear and angular momenta referred 
to x, y, z are 

rriiu rn.iv miw A^p B& Cir (52) 

mi being the body's mass, A u B u d its moments of inertia about a, I, c. If, now, forces X u 
Yi, Zi and moments Li, M u Ni are applied to the body along and about x, y, z, they cause in 
the vectors (52) the well-known change rates 



• (53) 



m l (u—rv + qw) = X l A 1 p—(B l —C 1 )gr=L 1 
m 1 (v—pw+ru) = Y 1 B 1 g\—(Oi-Ai)rp = M 1 
mi (tb - qu -i-pv) =Zi GJ—(Ai- B^pq= N x 

which apply to any homogeneous solid symmetrical about the planes ab, be, ca. 
For motion in the ab plane; viz, for id, p, 2=0; (53) give 

X^m^u-rv) Y^m^v+ru) Ni-Of- .. (54) 

and for uniform revolution about an axis parallel to z, as in Figure 11, viz, for it, b, f =0, (54) 
become 

Xi=—mirv Y 1 =m l ru Ni = 0 (55) 

where now X u Yi are merely components of the centripetal force mpi/u'+v*, whose slope is 
YifXi = —ufv. Also if Q = is the path velocity of the body's centroid, h its path radius, 

r = Qfh is the angular velocity of h and of vector m t <2. 

Reactions op Fluid. — If external forces impel the ellipsoid from rest in a quiescent Mo- 
tionless infinite liquid, with said velocities u, v, w, p, j, r, they beget in the fluid the corresponding 
linear and angular momenta 

Tc a mv, Tc t mv Je e rnw k' a Ap VJBg ¥ e Or (56) 

where m is the mass of the displaced fluid, and A, B, O its moments of inertia about a, b, c. 

One calls Jc a m, Tc b m, Jc e m the "apparent additional masses"; h' a A, Tc' Ji, Tc' e O the "apparent 
additional moments of inertia," of the body for its axial directions; because the fluid's resistance 
to its linear and angular acceleration gives the appearance of such added inertia in the body. 
The six Te's are called "inertia coefficients," and are shape constants. Values of them are 
given in Tables III, VI, VIII for various simple quadrics. 

The component flow momenta (56), like (52), are vectors along the instantaneous directions 
of a,b,c; viz, along x, y, z; hence their time ra'tes of change must equal the forces and moments 
which the body exerts on the fluid; viz, 



X = m(!c a u — ~k b rv + Tc&w) L=~k' m Ap— Qc' \B—W e O)gr— Qc t —~k^mmD 
Y=m(k i v—'k e pw+Te a ru) M=¥»Bg — (¥ c O— ¥aA)rp — Qc e — Tc,)mww 
Z=mQc e ib—Jc a qu + 'k 6 pv) N=¥ e Cr— (F „A—V tB)pg.— Qca—Tc^muv 



....(57) 



i These new meanings of «, », v, p, j, r are assigned for convention's sales and tat convenience. 
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all written from (53) on replacing its momenta by those of (56), and adding vector-shift terms. 
Thus the vectof.^mw shifts with speed v entailing the change rate lc c mw.v of angular momentum 
about x, while Tt b mo shifts with speed w entailing the opposite rate — k b mv.w. Their sum is 
(kc-Tc^mm, Permuting these, gives for the y, z axes Qc^-h^mwu, (Jc b -Tc a )muv. When the 
k's are equal the vector-shift terms vanish, as for said free body, or for a sphere, cube, etc., in a 
fluid. The fluid reactions are (57) reversed. (57) apply also to fluid inside the trisymmetrical 
surface. • 

If the angle of attack is a=tan~H;/«j we may write in (53), (57) 

r = Q[h u = Q cos a v = Q sin a uv^Q* sin 2a _.(58) 




/ 



Fioure 11.— Momenta and forces for free body In uniform olrcular motion. Centripetal force, Ri—mQ.f 
otQVA. has slope — u/v, r being angular speed about 0 

Of special aeronautic interest are (57) for plane motion, such as in yawing airship flight, 
for which w, p, q = 0, giving 

X = mQc a u-1e b rv) F=m(fc t »+fc a nt) N=V c Cr+ (k b -Jc a )muv (59> 

Thus for uniform circular flight 

X= — ~k b mro Y=Tc a mru N= Qc b -Tc a )mw) (60) 

which are the analogues of (55) for the free body. Or. in notation (58) 

X=-^ P Q 2 sin« Y.^pQ 1 cos a = (fr»-fr a )r^sin 2a (61) 

t being the volume of the model. 
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As shown in Figure 12 (60) give the resultant force and slope 

R 2 = mr^W + W 7lX= ~Y b COt a=_cot P ( 62 > 

also R and A T at the origin are equivalent to a parallel force R through the path center 0, along 
a line (called the central axis of the force system) whose arm and intercepts are 

1=N/R = 7i sin (0-a) a;=Zsec|8 y=lcosec& (63) 




Figcbe 12.— Momenta and forces Tor symmetrical body in uniform circular motion through frictiorJess Infinite 
liquid otherwise at rest. Whole hydrodynamlc force, fl-nvV*.* u'+kt* ««, has slope -t, u/ij ». Yaw 
moment -Y-(ii-ic.) nu»-=(ti-fc.) r ^ sin 2 «, t being volume 



For steady motion (60) show that the body sustains no force in pure translation (r = 0); 
no force nor moment in pure rotation (u, c = 0); no moment in revolution about a point on 
x or y; viz, for u = 0, or v = 0. For given u, v the moment is the same for revolution as for pure 
translation. The forces result from combined translation and rotation; the moment from 
translation oblique to the axes a, b, irrespective of rotational speed. 

Combination of Applied Forces. — To find the whole applied force constraining a body 
to uniform circular motion in a perfect fluid (55), (60) may be added, or graphs like those of 
Figures 11, 12, may be superposed. For an airship having m 1 = m, (55), (60) give 

X =-(l + £ 4 )mer F= (l+lc*)mur N=(l' i -Jc a )muv (64) 



' Writing JJ=rQ.mV*«* cosM-fr* ain't we may call It the centripetal force of the apparent mn-at m-jtj cosVl-HcV ain't for the body direc- 
tion of Q. 
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where X=Xi + X, etc. Figure 13, compounded of Figures 11, 12, shows that a submerged 
plane-force model, revolving uniformly about its path center, may have as sole constraint a 
single force R through that center, and outside itself^ that is attached to an extension o^the 
model. Such conditions appear commonly in vector diagrams of aircraft. The line of R, so 
defined, is the central axis of the force system. 

Hydrokinetically Symmetric Forms.— Equations (56), (57), for trisymmetrical shapes, 
apply also to others having hydrokinetio symmetry. Examples of these are: All surfaces of 
revolution, axially symmetric surfaces whose cross sections are regular polygons; torpedo forms 
symmetrically finned, etc. All these figures, as has been known many decades, 8 have three 




Fiovbe 13. — Composition of forces on symmetrical body in uniform circular motion through frlctionless Infinite liquid 
otherwise at rest. Resultant of centripetal and hydrcdynamio forces, R-m r ■y/Q.+k,)' u'+Cl+i*)' »», has slope 

-fRJ'f' Figure 13 Is II and 12 compounded 



orthogonal axes with origin at the body's impulse center, 4 such that if the body, resting in a 
quiet sea of perfect fluid, is impelled along or about either axis it begets in the fluid a linear 
or angular momentum expressible by a vector along that axis. 

Examples. — We may apply (60) to some simple cases interesting to the aeronautical . 
engineer. 

(1) For an endless elliptic cylinder in uniform yawing flight, as in Figure 12, m=trpab per 
unit length, and by comparison with Table VIII Jc a = i/a, Tc b = afb; hence by (60) 



> See Reference 7. 

• I. e., the point of Intersection of k*m V, *im V, k.mW; It may he found as In the last paragraph of Part V. 
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X= -TcPpro F=t&Vu N=v(a t -V) P .'U}>=v(a t -b i )^f sin 2a (65) 

The resultant force rprVaV + J^u* has the slope — hhifatv = — 67a*.cot a; the central axis is 
through the path center; X is the same as for a round cylinder of radius a; Y the same as for 
one of radius 6. For a good elliptic aircraft strut afb=B; hence X/Y= — 9v/u= — 9 tan a; 

N=8rl 1 puv = 8rb i . f -^-.sia 2a. By (65) N is the same for all confocal elliptic cylinders, since 

a 2 — 6 1 is so. 

If a = 5, as for. a round strut, N=0, R = iccfprQ 2 and coincides with the body's previously 
found centripetal force to which it bears the ratio m/mi. 
If 5 = 0, as for a flat plate, (65) become 



X= —rafprv 



Y=0 



pQ2 



.(66)« 



The equivalent resultant force -Kcpprv, with slope Y(X= — 0, runs through the path center 
parallel to at. If r = 0, the plate has pure translation, with forces X, Y= 0, and moment 
N=va?puv, a well known result. X in (66), being the same as in 
(65), is independent of the strut thickness 5. 

(2) For a prolate spheroid, of semiaxes a, 5, 5, in uniform 
yawing flight, m=4/3.xpo6*, and Tc n Tc t are as given in Table III. 
Thus for a/6 =4, £„, fc»=0.082, 0.860; hence by (60) 

X=-Z.&ab 1 prv Y=0.Z43lab t pru N=3.26aV l puv-(67) 



(3) For an elliptic disk of semiaxes a, b, e, moving as in Fig- 
ure 14, Table VIII gives fc c ™=|xp<z67.£; hence by (57) the forces 
and moment are 

Y= —h e mpw='—^,.irpb i .pw 



Z = 0 




L=k c m.vw=^. wp h s .vw- 



■(68) 



Fioubi 14.— Thin elliptic vring moving par- 
allel to Its plane of symmetry through a 
perfect fluid 



Here 



the other pertinent terms in (57) vanishing, as appears on numerical substitution. 
E=E(d,^y sm*d~ (at-b^fa*; also £=||t6^- sin 2a. Compare (68) with (66), calling b the 
width in both. 

Theory Versus Experiment. — In favorable cases the moment formulas of Part IV 
accord fairly well with experiment, as the following instances show. For lack of available data 
the force formulas for curvilinear motion are not compared with experiment. 

(1) By (65) an endless elliptic strut with a =1/3 foot, 6 = 1/12 foot, c = 5 feet, held at a 
degrees incidence in a uniform stream of standard air at 40 miles an hour, for which pQ 2 /2 = 
4.093 pounds per square foot, sustains the yawing moment per foot length 



iV=T(a a -5 ! ).^-sin2a=1.3392 sin 2a lb. ft. 



-(69) 



This compares with the values found in the Navy 8 by 8 foot tunnel, as shown in Table IX 
faired from Figure 15. The agreement is approximate for small angles of attack. The model 
was of varnished mahogany, and during test was held with its long axis c level across stream, 
and with two closely adjacent sheet metal end plates, 2 feet square, to give the effect of plane 
flow. 



i Equations (88) were published In Reference 5 as the result of a special research to determine the fluid forces and moment on a revolving plate 
In the present text they follow as corollaries from more general formulas. 
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(2) By (66) an endless thin flat plate of width 2a = 5/12 feet, similarly held in the same 
air stream, has per unit length the moment 

N=Tra 2 ^- sin 2« = 0.5581 "sin 2a lb. ft (70) 

This is compared in Table X and Figure 16 with the values found in the Navy 8 by 8 foot 
tunnel. The flat, plate was of polished sheet aluminum 3/32 inch thick, with half round edges 
front and rear. 

Again for an endless flat steel plate 5.95 inches wide by 0.178 inch thick at the center, with 
its front face fiat and back face V-tapered to sharp edges, Fage and Johansen, Reference 6, 




Fioube 15.— Theoretical and experimental moment Floras 16.— Theorectlcsl and experimental moment about long axis of endless 

about long axis of endless elliptic cylinder. Width ' rectangular plate. Width 5 Inches, air speed 40 miles per hour. Correction 

8 inches, thickness 2 Inches, air speed 40 miles per factor «=0.800 
hour. Correction factor »-0.912 



found, at 50 feet per second and 5.85° angle of attack, iV = 0.125 pound foot as the moment 
per foot run about the long axis, computed from the measured pressure over the median section. 
By (66), a thin flat plate would have 

N=*a i ■ & • sin 2a = 0.1931X2.9725 X 0.2028 = 0.116 lb. ft. 

which is 7 per cent less than 0.125 founcLwith their slightly cambered plate. 

(3) An elliptic disk 3/32 inch thick with a, 6 = 15, 2.5 inches, when held as a wing in the 
Navy 40-mile-an-hour stream, had the moment- £ versus angle of attack a shown" in Figure 17 
and Table XL_ J?or this case 

sin 2 0= (a 1 -& ! )/a 2 = 875/900, 0 = 80° -^24', ' £=1.0375.8. 

Also in (68) a = 5/4 feet, & = 5/24-feet, Q 2 =4.093; hence_ 

L= °ti ' *** " 2 ' sin 2a=0 - 8963 sin 2a lb - ft 
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which gives the theoretical values in Figure 17 and Table XL The agreement is 
at small incidences. The disk as tested was of sheet aluminum cut square at 
edges without any rounding or sharpening. 

(4) For a wooden prolate spheroid 
24 inches long by 6 inches thick, 
carried as in Figure 12 round a circle 
of radius ?i= 27.96 feet to the model's . 
center, Jones, Reference 3, found at 
40 feet per second the values of iV 
listed in Table XII. For this case 
Table III gives Tc*-1c a = 0.778, and 
(61) gives - 



fair 
the 



N= (fc s -£ a )r-^-sin2 a = 



0.388 sin 2a. 




These values appear from Table XII 
not to accord closely with the experi- 
mental ones. 

Correction Factors. — Figures 
15, 16, 17 portray experimental 
moments, at small angles, as accu- 
rately equal to the theoretical times 
an empirical correction factor k. 
Thus amended (61) gives for the 
experimental moment 

N t = KN=KQc b -Tc a )T ■ & • sin 2a. 

For the given elliptical cylinder 
/c=0.912 with -8°<a<6°; for 
the endless plate k= 0.860 with 
-6°<a<6°; for the elliptic disk 
k= 0.887 with -5°<a<4°. In such 
cases one should expect to find the 
actual air pressure nearly equal to 

the theoretical Over the model's FiocaE IT.— Theoretical and experimental moment about Ion* aiis of elUptfc disk. 

forward part, but so deficient along inohe * wWth 5 aIr * hour - Canxa ° a *** 

the rear upper surface as to cause a 

defect of resultant moment. No effort is made here to estimate it theoretically, nor to de- 
termine it empirically for a wide range of conditions. 

The measurements shown in Table X, for the fiat plate, were repeated at 50 and 60 miles 
an hour without perceptible scale effect. 



I- -.20 
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PART V 

POTENTIAL COEFFICIENTS, INERTIA COEFFICIENTS 

Green's Integrals.— The foregoing text employs Green's well-known integrals, which 
for the ellipsoid ale may be symbolized thus: 

a=a5c I"^W P=abc .f"aW^ y = aie i aW* (?2) 

where a' = V« s + X, b' = V& 2 + X, etc., are semiaxes of the confocal ellipsoid a'b'c'. The integrals 
have the following values, Reference 4 : 



y=A(a*-V)^tf~=?£p-E(8, *,)] 



.(73) 1 



where 



^4 = : 



2oic 



sin 2 0< 



sinV = 



a 2 +X" 



:(74> 



-( ffi 2 -6 2 )(6 2 -c 2 )Va^? 

and the elliptic integrals are 

F{8, v)= f(l -sm*6 smV)"^ #(*> = /(l -sin 2 0 sinV)»dp (75) 

Numerical values of F(0, <p), E(0, <p), a, 0, y are given in Tables I, II for X = 0 and various 
ratios afb, b/c; viz, for various shapes of the ellipsoid abc. For <p = r/2 one writes F{8, <p) = E, 
E(9, <p) = E, by convention. 

Potential Coefficients, — For motion (49) the ellipsoid abc has the potential coefficients 
known from textbooks. 



Til a 



m. 



a 



2-«o 
g 

7 

"2-7o 



m' 



2<?-(to-A>) 



H(a-y)/ , „ < 
m9 -2H-(«o-TD" Wi 



2/-(/3 0 -ao) 



6 2 -c 2 j 




fc 2 + c* 




o 2 -a 2 




c 2 + a 2 




cs 2 -& 2 




a 2 + & 2 





(76) 



m a , m b , m e being for. translation along a, b, c and m' a , m\, m' e for rotation about them, and 
on, /So, 7o being (73) for X = 0; viz, for a', V, c'=a, b, c. Surface values of (76), viz, for a, ft 7 = 
<*o, ft>, 7o are given in Tables III, IV. For fluid inside the ellipsoid the potential coefficients are 
as in (40) and given numerically in Table V. 

Inertia Coefficients. — From (76) are derived the conventional linear and angular inertia 
coefficients 

£ a , let, Tc c = m a , m„, m„ ¥ a , Jc' c =-Gm' a , Em' b , Im' e (77) 

for the ellipsoid moving through or containing liquid, as in (40), (49). Surface values are 
given in Tables III, VI, VII. " . TT _ ' . '. 

i (73) satisfy the known relation a+0+y-2abc!a'b'c', as appears on adding. 
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Limiting Conditions. — In some limiting cases, as for e=0, or a=b, etc., (73) may become 
^determinate and require evaluation, as in Reference 4. In such, cases the formulas in Table 
VIII may be used. For c=0, entailing zero mass and infinite Jc e , Tc' a , k't, one may use in (57) 
the values of Te c m, Jc' a A, Tc'JB given at the bottom of Table VIII. 

Physical Meaning of the Coefficients. — The tabulated potential coefficients, put in 
(40) or (49), serve to find the numerical value of the potential <p, or impulse — p<p per unit area, 
at any point (x, y, z) of an ellipsoid surface.*. Integration of p<p over any surface, as explained 
for p in Part I, gives the component linear and angular zonal impulses. So, too, integration of 
— pipqn/2, where q % is the normal surface velocity at (z, y, z), gives the kinetic energy imparted 
to the fluid; and integration of the impulsive pressure — pdp/df gives the impulsive zonal 
forces and moments. One finds pdp/df for (40), (49) by using with them the specified density 
p, accelerations Zf, Y, W, Q a , ti b , Q e , and tabulated potential coefficients for the given semiaxes 
a, b, c. 

Thus putting — p<p c , —p<p' c for p in (9), (10i), and integrating over the whole ellipsoid 
surface, easily gives the fluid's linear and angular momenta 

Jc e .mW F e .(Xl e (78) 

where mW, ttl e are respectively the linear and angular momenta of the displaced fluid moving 
as a solid with velocities W, Q e . The like surface integration ol—ptp c q.J2 gives, as is well known, 

Tc c .mW/2 ¥ e .C&J2 _: (79) 

where mTP/2, ttf e /2 are the kinetic energies of the displaced fluid so moving. Each inertia 
coefficient therefore is a ratio of the body's apparent inertia, due to the field fluid, to the like 
inertia of the displaced fluid moving as a solid. 

By (49) the potential coefficients due to velocities W, Q e are 

m e = —<pc/Wz m' e = —p'jQcXy 

The first is the ratio of the outer and inner surface potentials due to W at any point a on the 
ellipsoid abc; the second is the ratio of the potentials due to ft„ at (a;, y), respectively on the 
outer surface of that ellipsoid and inside the cylinder of semiaxes <» , &, c. 

One notes that the momenta (78) times half the velocities give (79); also that the time 
derivatives of (78) are the force and moment Z, N=lc c mW, V c tt\ c , as in (57) for the simple 
z-wise motions, TF, Q. 

For any axial surface, say of torpedo form, moving as in Figure 12, the ratio —V e GQjk t mV 
is the distance from the arbitrary origin 0 : to the impulse center 0», or center of virtual mass. 
This may be taken as origin, and if the body's center of mass also is there Figures 11, 12 can 
still be superposed as in Figure 13. In the same way are related the acceleration force and 
moment Tc b mV, Tc' e tt\ e , thus illustrating the doctrine that the motion of a hydrokinetically sym- 
metric form in a boundless perfect fluid, without circulation, obeys the ordinary dynamic 
equations for a rigid body. 



Aerodynamical Laboratory, 

Bureau of Construction and Repair, U. S. Navy; 
Washington, D. C, December 17, 1928. 



> This Impulse Is Imparted by the moving surface to the fluid, otherwise still; the fluid in. torn tends to impart to the body the impulse pr 
per unit area at (z, j, t). 
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CHIEF SYMBOLS USED IN THE TEXT 

GEOMETRICAL 

a, 6, c "Semiaxes of ellipsoid abc. 

a', b', c' Semiaxes of confooal ellipsoid a'b'c'. 

e, e' Eccentricities of ellipse ab and its confocal a'b'; ae=a'e'=^a % —b t . 

n; hi, h t Normal to ellipse ab; distances from origin to normal and tangent. 

I, m, n Direction cosines of normal n to any surface. 

s; s v , s u Length along any line; lengths along meridian and circle of latitude. 

x, y, z Cartesian coordinates; also coordinate axes. 

r, 0, w Polar coordinates of prolate spheroid abc. 

II, 0.. Eccentric: angle of ab, inclination to x of normal to ab. 

KINEMATICAL 

u, b, w Component velocities of fluid parallel to x, y, z axes. 

q lt q n Component velocities of fluid parallel to tangent and normal. 

q tl q Resultant velocity of fluid before and after disturbance. 

«, v, w Component translation velocities of abc parallel to a, b, c ' 

JJ, V, W Component translation velocities of abc parallel to a, b, c ^ erna ^; ve e 

p, g, r Component rotation velocities of abc about o, b, c erna 1Ve 6 

Sl a , n 5 , n„ Component rotation velocities of abc about.a, b, c , 

^, ^ Velocity potential, stream function. 

m», m b , in c Potential. coefficients for. a&c with velocities^, i>, to or U, V, W. 

m'a, m'b, »>'« Potential coefficients for abc with velocities p, q, r or $1„, a b , Ot. 

Q=^/l7»-(-T r » + 17 2 .- Resultant velocity of abc.' 

DYNAMICAL 

At, Bi, & Moments of inertia of rigid body about its axes a, b, c. 

A, B, C .Moments of inertia of displaced fluid moving as a solid. 

mi, m Mass of body, mass of displaced fluid. 

Pl r ,_ Density of fluid, volume of mo,del or displaced fluid. 

p, p„ Pressure of fluid.moying, pressure on coming to rest. 

X u Yi, Z\\ Ri Component forces applied to free rigid body; resultant force. 

X, Y, Z; R _., Component forces exerted by body on fluid; resultant force. 

Li, Mi, ATh : Component moments about a, b, c applied to rigid body. 

L, M, N Component moments about a, b, c exerted by body on fluid. 

*» fo. k e Inertia coefficients for abc mo.ying parallel to a, b, c in fluid. 

fc'm fc'c Inertia coefficients for abc rotating about a, b, c in fluid. 
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TABLE I 



ELLIPTIC INTEGRALS F(B, ~<p), E($, p) 1 
[Defined in eq. (76), Part VI 
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i The integrals In this table are culled from L. Potfn's Formula et Tables Numerique. 



TABLE n 



GREEN'S INTEGRALS a», ft, 7. 
Penned In eq. (73), Part VI- 
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TABLE III 

POTENTIAL COEFFICIENTS j»„, m b , m c * FOR ELLIPSOIDS IN TRANSLATION 

(For outer surface of ab c) 



[Defined In eq. (79)] 
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.1429 


! 12500 


.11111 


.10000 


0 
































m. 




























1 


0.6000 






















2 


.7042 


LIU 








■ -)»-» 
-t ■ 












3 


.8039 


1.362 


1.743 


















4 


.8693 


1.618 


2.008 


2.874 
















6 


.8943 


1.623 


2.199 


2.661 


3.008 














S 


.9171 


1.697 


2.339 


2.866 


8.292 


3.642 












7 


.9331 


1.750 


2.446 


3.030 


3.620 


'8.931 


4.277 










8 


. .9447 


L790 


2.528 


3.163 


3.706 


4.171 


4.670 


4.912 








9 


.9636 


L821 


2.563 


3. 269 


3.860 ' 


4373 


4.819 


6.208 


6.648 








.9603 


1.848 


2.645 


3.357 


3.887 


4.543 


6.032 


5.465 


6.849 


6.184 






1.0000 


2.000 


3,000. 


' 4.000 


6.000 


6.000 


7.000 


8 000 


9.000 


10.000 


m 



* These have tbe same values as the Inertia ooefltalenU h, 
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TABLE IV 

POTENTIAL COEFFICIENTS m'„ m' h m'„ FOR ELLIPSOIDS IN ROTATION 

(For outer surface of a 6 c) 



[Deflned In aq. (78)1 

























tit 


1 


2 


3 


4 


8 


« 


7 


8 


9 


10 


m 
























I 


n 






















2 


n 
u 


0.5643 




















m 
0 


g 


.6390 


1. 045 




















u 


6763 


L 135 


1.499 
















5 


0 


1&9S9 


1.190 


1.596 


L943 














B 


o 


.7125 


1.225 


L663 


2.042 


1380 












7 


0 


.7211 


L249 


L705 


1113 


1481 


1813 










a 


a 


.7270 


L266 


L738 


1168 


1856 


1915 


3.245 








g 


0 


.7315 


1.278 


L762 


2.205 


1618 


1995 


3.348 


3.675 






10 


0 


.7348 


L2SS 


1.780 


1235 


1660 


3.058 


3.430 


3.778 


4.103 




m 


0 


.7800 


L333 


1.875 


1400 


1917 


3.429 


3.937 


4.444 


4.950 


























t 
1 


0 






















2 


-0.3990 


-a 5643 




















3 


-.8819 


-.8853 


-L045 


















4 


-.6888 


-L104 


-L349 


-L499 










1 






6 


-.7381 


-1. 264 


-L588 


-L800 


-L943 














6 


-.8058 


-L384 


-L780 


-2.052 


-1243 


-1380 












T 


-.8402 


-L476 


-L935 


-2.264 


-1504 


-1680 


-1813 










8 


-.8659 


-L54S 


-2.062 


-1448 


-1732 


-1948 


-3.114 


-3.245 








9 


-.8S57 


-L607 


-2.168 


-1600 


-2.931 


-3.188 


-3. 388 


-3.647 


-3.675 






10 


-.9013 


-1. 654 


-2.257 


-1734 


-3.107 


-3. 402 


-3.637 


-3.825 


—3.97! 


-4.103 




a 


-1.0000 


-1000 


-3.000 


-4.000 


-8.000 


—6.000 


-7.000 


-8.000 


-9.000 


-10.000 


— « 




m'. 


1 


' 0 






















1 


0.3990 


0 




















3 


.8819 


a 1856 


0 




















.6888 


.2420 


0.08332 


0 
















5 


.7681 


.2969 


.1359 


a 05193 


0 














I 


.8058 


.8350 


.1719 


.08705 


0.03549 


0 












7 


.8402 


.3627 


.1981 


.1134 


.06127 


0.02569 


0 










8 


.8669 


.3836 


.2181 


.1330 


.03081 


.04529 


0.01951 


0 








9 


.8857 


.3993 


.2336 


.1484 


.09610 


.06058 


.03438 


0.01527 


0 






10 


.9013 


.4127 


.2460 


.1608 


.1084 


.07291 


.04721 


.02770 


0.01238 


0 






L0000 


.6000 


.3333 


.2500 


.2000 


.16667 


.14286 


.12500 


.11LU 


0.10000 


0 



104397—30 29 
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TABLE V 

POTENTIAL COEFFICIENTS m'„ m\, m' c FOR ELLIPSOIDS IN ROTATION 

(For all points inside of a b c) 



(Defined In eq. (40)] 





b/e , 


aje 


1 


2 


8 


4 


5 


8 ' ' 

"P .= 


7 


S 


9 


10 


CO 




m'.-Q 


























0 to » 


0 


0.60000 


0.80000 


a 88235 


0.92308" 


I P.M6S5-, 


0.96000 


a96923 


a 97561 


0.98020 


LOOOOO 




m'h-B 


1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

CO 


0 

-0.00000 
-.80000 
-.88235 
-.92308 
-.94595 
-.96000 
-.96923 
-.97561 
-.98020 

—LOOOOO 


Same for all values of 6/c 


















m'.=J. , _ 


1 

2 
3 
4 
« 
6 
7 
S 

■ & 

to 


0 

0.60000 
.80000 
.88235 
.92308 
.94595 
.96000 
.96923 
.97561 
.93020 

LOOOOO 


0 

a 38462 

.ooopo 

.72414 
.80300 
.84906 
.88535 
.90588 
.92308 
LOOOOO 


0 

0.28000 
.47059 
.60000 
.68966 
.75842 
.80000 
.83486 

LOOOOO 


0 

0.21951 
.38462 
.50769 
.BOOM 
.67010 
. 72414 

LOOOOO 


0 

0.18033 
.82482 
.48820 
.52880 
.60000 

LOOOOO 


fi. 
o : 

0. 15294 
1 . 2S0W 


0 

0, 13274 
.§4615 
.34228 

LOOOOO 


0 

0.11724 
.31951 
LOOOOO 


0 

0.10497 
LjDOOOO 


0 

LOOOOO 





\ 
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TABLE VI 

INERTIA COEFFICIENTS i V„ y ir ¥ c FOR ELLIPSOIDS IN ROTATION 
(For outer surface of a b c) 



[Defined In eq. (77)1 





hie 




■ 


2 


1 


4 


6 


6 


7 




» 


- 


CD 






1 


0 






















2 


0 


0.33S6 




















S 


0 


.3834 


a 8359 




















0 


.4061 


.9081 


L323 
















5 


a 


.4194 


.9519 


1.408 


L793 


2.251 












8 


0 


.4275 


.9803 


1.463 


L8S5 












7 


0 


.4326 


.9995 


L605 


L950 


2.347 


2.701 










Q 


0 


.4362 


1.013 


1.533 


1.999 


2.418 


Z799 


3.145 








» 


0 


.4389 


1.023 


1.656 


2.035 


2.473 


2.875 


3.245 


3.585 






10 


0 


.4409 


1.030 


L571 


2.064 


2.516 


2.935 


3.324 


3.686 


4.022 






0 


.4500 


L067 


L654 


2.215 


2.759 


3.291 


3.815 


4.336 


4.852 


CO 






1 


0. 






















2 


0.2334 


0.3386 




















3 


.465S 


.7082 


0.8359 


















4 


.8078 


.9745 


1.191 


1.323 
















6 


.0998 


L167 


L466 


1.662 


1.793 














6 


.7622 


L309 


1.683 


1.941 


2.122 


Z251 












7 


.8068 


1.417 


I- 857 


2.174 


2.403 


2.573 


2.701 










8 


.8393 


L501 


L999 


2.370 


Z64S 


2.857 


3.019 


3.145 








9 


.SMI 


1.567 


2.115 


2.536 


2.860 


3.110 


3.305 


3.480 


3.585 






10 


.8834 


1.622 


2.213 


2.679 


3.045 


3.335 


3.565 


3.749 


3.900 


4.022 




CO 


I- 0000 


2.000 


3.000 


4.000 


6.000 


6.000 


7. 000 


8.000 


9.000 


iaooo 


CO 




tr.=im\ 


I 


0 






















2 


0.2394 


0 






















.4655 


a 05985 


0 


















4 


.6078 


.1452 


a 02333 


0 
















6 


.6998 


.2150 


.08393 


a 01140 


0 














6 


.7522 


.2680 


.1031 


.03343 


0.0O64O 


0 












7 


.8066 


.3079 


.1367 


.05758 


.01887 


0.00393 


0 










8 


.8393 


.3385 


.1643 


.07982 


.03541 


.01268 


0.00259 


0 








S 


.8641 


.3622 


.1869 


.09941 


.05077 


.02330 


.00858 


a 00179 


0 






10 


.8834 


.3810 


.2054 


.1164 


.06503 


.03431 


.01616 


.00608 


0.00130 


0 




to 


1.0000 


.5000 


.3333 


.2500 


.20000 


.16667 


.14286 


.12500 


.11111 


0.10000 


0 



i For translation ti, k, are given in Table HL 



/ 
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TABLE VII - 

INERTIA COEFFICIENTS k' a , &'», fc'. FOR ELLIPSOIDS IN ROTATION. 

(Inner surface of a 6 c) 



[Defined in eq. C77)] 





bfc ' " 




ale 


1 


2 


3 


4 


6 


6 


7 


S 


9 


10 


m 








0 to » 


0 


0.36000 j 


0.64000 


0.77854 


0.85208 


0.39482 


0.92160 


a 93941 


a 96181 


0.96079 


X 00000 






1 
2 
s 
4 

5 
6 
7 
8 
9 
10 


0 

a 38000 
.64000 
.77854 
.85203 
.80482 
.92160 
.93941 
.95181 
.96079 

L 00000 


i 

Same for all values of 5/c. 

t 






























1 

2 
8 
4 
5 
5 
7 
8 
9 
10 


0 

0.30000 
.64000 
.77854 
.85208 
.89*82 
.92160 
.93941 
.95181 
.96079 
L 00000 


0 

a 14793 
.38000 
.62438 
.64000 

.72090 
.77864 
.82062 
.85208 

L 00000 


0 

a 07840 
.32145 
.36000 
.47663 
.56764 
.64000 
.69699 

L 00000 


0 

01 14793 
125776 
.36000 
.44903 
.52435 

1. 00000 


\ 

0 

O 03252 
.10518 
.19202 

.mm 

.36000 
LO00OO 


0 9 

! 14793 
.22145 
LOO000 


0 

a 01762 
.06059 
. 11716 

LOOOOO 


0 

0. 01375 
.04818 
L 00000 


0 

0.01102 
1.00000 


0 

L 00000 
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TABLE VIII 

INERTIA VALUES FOR LIMITING FORMS OF ELLIPSOIDS o>6>c 



INERTIA COEFFICIENTS FOB TRANSLATION AND ROTATION 


■ 

e/S ! Shape 


- 




k - ! *- 




'• 


c-0 


1 

1+ 


Cfcoular dlst 

Elliptical disk- 
Long rectangle 


0 

a 

0 


0 

a 

0 


e» 
at 

00 


• 

CO 
OK 


a 

«a 
m 


0 
0 
0 


4>e>0 


I 

1+ 

03 




c a— a. starve 


a ee—c sfcr-i* 




0 


Oblate spheroid e'-l-if/a' , 

Ellipsoid 


ewfeH-l)— c shrte 


c.u—a sln-'e 


£*-«5l2«*-C 


!-«•>&•-*)] 




0 j cjb 

i 






6/e 


Cfb 








1 

1+ 

oa 


Sphere — 

Prolate spheroid «>=1— c'/a* 

Round cylinder 


M 


a 1 , H 


0 
0 
0 


0 ! 0 
««<0.'-<xJt 


a 


1 1 1 


Ca-fj^-ca-eqcp-aj 

1 '. 


APPARENT MASSES AND MOMENTS OP INERTIA. WHEN c-€ 


«/5 | Shape 


< 

— : 1 : 




*Vi 


f,B 


V.C 


I 

1+ 
«t 


Elliptical disk 


0 0 

a o 


■r- 




0 

0 
0 


Long rectangle a- en 


a a 


15 Vu'-tyE-VK 


IS (a'-a^£+t>^ 



* Per unit length of model. 
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TABLE IX . . 

LIFT, DRAG, AND MOMENT ON ENDLESS ELLIPTIC CYLINDER 
[Width 8 Inches, thickness 2 Inches, air speed 40 mOes per hour] 



1 










1 






Moment about long 


1 


Lift 


Drag 


ails pound foot per 


1 Angle 






toot run 


| ofat- 


















1 tack 
degrees 


Pound per foot 


Experi- 


Theoreti- 
cal 


i 


ton 


mental 


N- 1.3392 










sin 2a 


-8 


-2.80 


0.160 


-0.83T 


-0. 8691 


-6 


-t94 


.130 


-.254 


-.2784 


-4 


-L42 


.122 


-.170 


-.1864 


-8 


-1.11 


.116 


-.127 


-.1400 


' -2 


-.76 


.111 


-.084 


-.0934 




-.40 


.108 


-.OCT 


-.0487 


i 'I 


0 


.106 


0 ... 


0 


> + l 


+.41 


.108 


+.044 
.085 


+.0467 




."80 


.111 


.0934 


8 


1.13 


.116 


.139. 


.1400 


4 


1.44 


.123 


.171 


.1884 


8 


L90 


.140 


.20 


.2784 


+8 


+2.16 


.166 


+.826 


+. 3691 



* As the test angles a were in part fractional, all measurements in Table IX are faired from the original graphs of lift, drag, and moment versus 
a, in flg. 15. 

TABLE X ... 

LIFT, DRAG, AND MOMENT ON ENDLESS THIN FLAT PLATE 



[Width 5 inches, air speed 40 miles per hour] 



Angle 
of at- 
tack a, 
degrees 


Lift 


Drag 


Moment about long 
ails" pound foot 
• per "foot run 




Found per foot run 


Experi- 
mental 


Theoreti- 
cal 
Zf-0.5881 
sin 2a 














-8 


-L345 


0. 190 


-0.ld7 


-0.1538 




-6 


-.980 


.112 


— .097" 


-.1160 




-5 


—.827 


.0818 


-ioli* 


-.0984 




-4 


-.614 


.0596 




-.0777 




-8 


" -.471 


.0464 


-.050 


-.0688 




-2 


-.818 


.0360 


-.032 


-.0389 




-1 


-.157 


.0324 


-.Cttfl 


-.0195 




0 


0 


.0312 


0 


0 




+1 




.0328 


+.017 


+.0195 
.0889 




2 




.0360 


.033" 




3 


,471 


.0472 


.050 


.0583 




4 


.839 


.0848 


.086 


.0777 




5 


.831 


.0900 


.085 


.0984 




6 


1.018 


.124 


.098 


.1160 




8 


1.348 


• .206 


.107 


.1538 




10 


1.538 


.291 


.084 


+.1909 




12 


1.594 


.860 






14 


1.582 


.422 


.085 






16 


1.681 


.480 






+18 


+LS80 


.842 


+.0tt 
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TABLE XI 

LIFT, DRAG, AND MOMENT ON THIN ELLIPTIC WING 
[Length 30 Indies, width 5 Indies, air speed 40 miles per tour] 





Lift 


Brag 


Moment about long 
aria, pound foot 


Angle 










of at- 










tacker 








Theoreti- 


degrees 


Founds 


Experi- 
mental 


cal 
L-0.S963 










sin 2c 


-8 


-2.415 


0. 428 


-0.173 


-0. 2471 


-« 


-LS55 


.268 


—.164 


—.1868 


-4 


-L1S8 


.169 


-.109 


—.1247 


-3 


-.888 


.138 


—.082 


-.0937 


—2 


-.587 


.116 


-.061 


-.0625 


-1 


-.294 


.105 


-.031 


-.0313 


0 


+.005 


.108 


0 


0 


+1 


.308 


.106 


+.030 


+.0813 


2 


.690 


.118 


.058 


.0825 


3 


.890 


.136 


.064 


.0937 


4 


Llfli 


.188 


.111 


.1247 


a 


1.88L 


.265 


.168 


.1863 


8 


2.474 


.422 


.165 


.2471 


10 


2.865 


.667 


.134 


+.3066 


12 


2.948 


.696 


.109 




n 


2.892 


.798 


.094 




18 


2.859 


.897 


.086 




18 


2.789 
+2.725 


.974 


.097 




+20 


1.065 


+.095 





TABLE XII 
MOMENT ON PROLATE SPHEROID i 
[Length 24 inches, diameter 6 inches, through-air speed 40 feet per second] 



Angle 
of at- 
tack a, 
degrees 


Moment about minor axis, pound loot 


Measured 
on bal- 
ance 


Found by pressure 
integration. 


Theoreti- 
cal 
if-=0JS8 
sin 2a 


Recti- 
linear 
motion 


Beoti- 
Ilnear 
motion 


Curvi- 
linear 
motion 


| -20 
-10 
-4 
0 

+10 
+20 


-a 179 
-.106 
-.045 
0 

+.106 
+.179 


-a 207 
—.122 
-.062 
0 

+.122 
+.207 


—a 157 

—.078 
—.018 
+.021 
.127 
+.177 


-0.249 
—.133 
-.054 
0 

+.13S 
+.249 



1 Data taken from Reference 3. 



